This Letter presents an efficient, fast, and straightforward two-step demodulating method based on a Gram-Schmidt (GS) orthonormalization approach. The phase-shift value has not to be known and can take any value inside the range 0; 2π, excluding the singular case, where it corresponds to π. The proposed method is based on determining an orthonormalized interferogram basis from the two supplied interferograms using the GS method. We have applied the proposed method to simulated and experimental interferograms, obtaining satisfactory results. A complete MATLAB software package is provided at http://goo.gl/IZKF3. © 2012 Optical Society of America OCIS codes: 100.5070, 100.2650.
In the past there have been reported works about phase reconstruction with only two frames [1] [2] [3] . In [1] is presented the standard and most used technique for obtaining the modulating phase map from two phase-shifted interferograms. The method is based on the application of the Fourier transform demodulating approach to both interferograms. Then, the phase-step map is calculated using a direct algebraic expression. As the phase step has to be equal for all pixels, it is possible to solve the local sign ambiguity and, therefore, retrieve the phase map. This method requires filtering out the DC term, but it does not need the normalization of the fringe patterns. The main drawback of this approach is that it is very sensitive to noise. In [2] is presented a self-tuning (SF) method that first retrieves the phase step between interferograms, looking for the minimum of a merit function. Then a quadrature filter is constructed from the obtained phase step and the modulating phase is determined. This method presents good results when the phase step is close to π∕2 rad, but the accuracy decreases when the phase step moves away from this value. Additionally, the method requires the interferograms to be previously normalized. In [3] is presented a recent demodulating two-step method based on a regularized optical-flow (OF) method. The method is robust against additive noise and different values of the phase step. Additionally, this approach does not require normalizing the fringe patterns but it requires subtracting the DC term. The main drawback of [3] resides on the computational requirements necessary to perform the OF analysis, which make this demodulating method costly from a processing and computational point of view.
In this work, we present a novel two-step demodulation method based on the Gram-Schmidt (GS) orthonormalization approach. The method is very fast, easy to implement, does not require any minimization process, and is not computationally demanding. The method requires filtering out the DC term, but it does not require normalizing the fringe patterns. In [4] [5] we have shown that a sequence of phase-shifted fringe patterns free from harmonics can be expressed as a linear combination of two orthonormal signals. Therefore, any phase-shifted interferogram sequence can be described using a twodimensional vector subspace. The orthonormal signals form a basis of the interferograms sequence. If the interferograms have more than one fringe, these orthonormal signals are also in quadrature. Therefore, there is a deep relation between demodulation and orthonormalization processes. In this Letter we have used this idea to propose a novel two-step demodulation approach based on the GS orthonormalization method.
In phase-shifting interferometry, an interferogram sequence can be described by the following expression:
I n x; y ax; y bx; y cosΦx; y δ n ; (1) where ax; y is the DC component, bx; y and Φx; y are the modulation and phase maps, and δ n are the phase steps. In our case of interest, n ∈ 1; 2, Eq. (1) can be rewritten as
From Eq. (2) and grouping terms we obtain I n a α n I c β n I s ;
where α n cosδ n , β n sinδ n , I c b cosΦ, I s −b sinΦ, and the spatial dependence has been omitted for the sake of clarity. In Eq. (3), we show that any interferogram can be decomposed into three signals. Typically, the DC signal is a smooth signal that can be filtered out. Therefore, any DC filtered interferogram can be decomposed into two signals.
The GS process is a method for orthonormalizing a set of vectors [6] . This approach takes a finite vector set, S fu 1 ; …; u j g, and generates from it an orthonormal setS fũ 1 ; …;ũ k g, with k ≤ j, where j and k are the number of vectors that compose the S andS sets, respectively. In the case of orthonormalizing two vectors, the process is simple and consists of three steps. First, we take one of the two vectors and we normalize it:
Then, we orthogonalize u 2 with respect to theũ 1 vector, subtracting its projection aŝ
Finally, we obtainũ 2 by dividingû 2 by its norm as
Note that, in Eqs. (4), (5), and (6), the operator h·; ·i is determined by the defined inner product. We define the inner product as
X N y y1 I 1 x; yI 2 x; y;
where N x and N y corresponds to the image columns and rows, respectively. From Eqs. (4)- (7) we can obtain two orthonormal signals,Ĩ 1 andĨ 2 , from the DC-filtered interferograms I 1 and I 2 . Following the GS method outlined below, we have that
We have considered that δ 1 0 and δ 2 δ δ 2 − δ 1 without loss of generality because this phase-step origin will introduce an irrelevant piston term in the recovered phase. Additionally, following Eq. (5) (second step of the GS method), we can obtainÎ 2 , the nonnormalized version ofĨ 2 , aŝ
If we have more than one fringe in the interferograms, we can use the approximation j
P N y y1 cosΦsinΦsinδj, and, therefore, we can rewrite Eq. (9) asÎ Finally, we obtainĨ 2 by dividingÎ 2 by its norm. From Eq. (6) we havẽ
Note thatÎ 2 in Eq. (10) will have low values if δ is close to zero or π. In these cases, this signal will be highly affected by the noise. Additionally, we do not consider the case where the interferograms are affected by harmonics. In this case, Eqs. (1) and (3) are not valid. If there is more than one fringe in the interferograms, we have κ 1 ≅ κ 2 and the Ĩ 1 ;Ĩ 2 signals are in quadrature. Therefore, the modulating phase can be retrieved directly by an arctangent function as
To show the performance of the proposed method, we have tested it with simulated fringe patterns. We have compared the results obtained by the proposed GS method with the results obtained by the standard Kreis [1] , ST [2] , and OF [3] methods. The utility of this method has special interest in the case of closed-fringe interferograms, as two frames are the minimum number of interferograms to reconstruct the phase without local sign ambiguity. In Fig. 1 we show two sample fringe patterns with a phase shift between them of 1 rad. The noise is Gaussian and additive, and the signal-tonoise ratio is of 4%. In Fig. 2 is shown the reference theoretical phase map and in Fig. 3 are shown the phases obtained by (a) the proposed GS method and the (b) ST, (c) Kreis, and (d) OF methods. Observe in Fig. 3 that the wrapped phase retrieved by the different methods is very similar. In Table 1 we show the different rootmean-square errors (rms) of the difference between the theoretical and obtained wrapped phases and processing times. The processing times have been obtained using a 2.67 GHz laptop and processing with MATLAB.
We have applied the proposed algorithm to real interferograms. We have compared the retrieved phase from two consecutive frames using the proposed GS method and the standard Kreis, the ST, and the OF methods with the phase retrieved by a set of 19 interferograms, using the advanced iterative algorithm (AIA) method [7] . In Fig. 4 we show the two interferograms used by the two-step methods. In Fig. 5 we show the reference phase obtained by the AIA algorithm and 19 interferograms. Figure 6 Table 2 . From Tables 1 and 2 we can see that the proposed method has accuracy similar to the rest of approaches and is approximately 1 or 2 orders of magnitude faster.
In conclusion, we have proposed a novel two-step phase-shifting method based on the GS orthonormalization method that does not need to know the phase step between interferograms. The proposed method is very fast and easy to implement. This algorithm can be especially useful in interferometry applications where the processing time is restrictive. We have tested the proposed method with simulated and real interferograms. We have compared our algorithm with the Kreis [ 
